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In this paper, by expressing the sums of products of the extended q-Euler polynomials
in terms of the special values of the alternating multiple Hurwitz q-zeta function at non-
positive integers, we obtain a sums of products identity for the extended q-Euler numbers,
which is an extension of Satoh’s result for any extended q-Euler numbers.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
The Euler polynomials Ek(x), k = 0, 1, . . . ,which can be defined by the generating function
F(t, x) = 2e
xt






have numerous important applications in number theory, combinatorics, and numerical analysis, among other areas. They
have therefore been studied extensively over the past two centuries. For more important properties, see, for instance, [1–3]







Ei(0)Ek−i(0) = (−1)k+12(Ek(0)− Ek+1(0))
= 2(Ek(0)+ Ek+1(0)), (1.2)
the second equality follows from E2i(0) = 0 with i ∈ N. This was found by many authors, including Euler; for references,
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(−1)ls(n, l+ 1)Ek+l(0), (1.3)
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where s(n, l) denotes the well-known Stirling numbers of the first kind, but it is not easy to prove the generalized formula
for Carlitz’s q-Bernoulli numbers and Carlitz’s q-Euler numbers.
Recently, Satoh [5] has extended awell-known formula for sums of products of two Bernoulli numbers to that of Carlitz’s
q-Bernoulli numbers.
In this paper, we extend Satoh’s result to arbitrarily many extended q-Euler numbers (see Theorem 1.1 below).
Now, C denotes the set of complex numbers. We assume that q ∈ Cwith 0 < |q| < 1.
Let ζ (n)E,q (s, x) denote the q-analogue of the alternatingmultiple Hurwitz zeta function defined by
ζ
(n)




[m1 + · · · +mn + x]sq
, (1.4)
or equivalently by the series
ζ
(n)






















= 1, [0]! = 1, [m]q! = [1]q[2]q · · · [m]q.
When n = 1, we write ζ (1)E,q (s, x) as ζE,q(s, x):






The function ζ (n)E,q (s, x) can be analytically continued into the entire complex s-plane (see [6]). If the higher-order extended











(1+ ql+h) · · · (1+ ql+h−n+1) , (1.7)
where h ∈ Z and n ∈ N,we have that
ζ
(n)
E,q (−k, x) = E(−k−1,n)k,q (x), k = 0, 1, 2, . . . (1.8)
(cf. [8, Theorem 7]). In particular, we have E(h,n)k,q (0) = E(h,n)k,q , the higher-order extended q-Euler numbers.When n = 1, E(h,1)k,q
(x) = E(h)k,q(x) are the extended q-Euler polynomials and E(h,1)k,q = E(h)k,q are the extended q-Euler numbers (see [7]). Carlitz’s
q-Euler numbers are special cases of the extended q-Euler numbers E(h)k,q with weight h. In fact, we have E
(1)
k,q = Ek,q, where
Ek,q are Carlitz’s q-Euler numbers (see [9,10]).












qm(n−l−1)P lq,n(x)[m+ x]lq, (1.9)






qm1+···+mn−l−1 [x−m1]q · · · [x−mn−l−1]q (1.10)
for 0 ≤ l ≤ n− 2, and
P lq,n(x) = Pn−1q,n (x) =
1
[n− 1]q!
for l = n− 1.
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Now we state our main result.


















































































































Ei1(0)Ei2(0)Ei3(0) = (−1)k+12(2Ek(0)− 3Ek+1(0)+ Ek+2(0)) (1.13)





q,n(n) = P ln(n) (1.14)







1, if k1 = · · · = kn−1 = 0
0, otherwise
and consequently we will recover the following Dilcher’s result [4, Corollary 2].
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2. Proof of Theorem 1.1
First we prove the following lemmas. These lemmas will be used to get the main result of this paper.
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this completes the proof. 
Lemma 2.2. For k = 0, 1, . . . , we have






Proof. Using (1.5) and (1.9), the alternating multiple Hurwitz q-zeta function ζ (n)E,q (s, x) can be expressed by a rational linear
combination of the alternating Hurwitz q-zeta function
ζ
(n)
E,q (s, x) = 2n−1
n−1
l=0
P lq,n(x)ζE,q(s− l, x).
From this identity, we can formulate an interesting relation between the extended q-Euler numbers and the higher-order
extended q-Euler numbers. Since x ∈ R+, set x = n in (1.8), for s = −k (k = 0, 1, . . .), we easily find that ζ (n)E,q (−k, n) =
E(−k−1,n)k,q (n). Similarly, if we let n = 1 in (1.8), it is easy to show that ζE,q(−k, x) = E(−k−1)k,q (x). Finally, replacing−k by−k− l
and set x = n, we have, for 0 ≤ l ≤ n, k = 0, 1, . . . ,
ζE,q(−k− l, n) = E(−k−l−1)k+l,q (n).
Using these evaluations, we obtain the assertion of the lemma. 








It is easy to see thatwe need to assume sq(n, l) = 0 if n < l. It is also easy to see that sq(n, l)may be expressed as a polynomial
in q of finite degree.
Taking the limit as q ↑ 1 in (2.1), we see that sq(n, l) approaches to s(n, l) (the Stirling number of the first kind).
Putting x = 1 in (2.1), we get
n
l=0
sq(n, l) = 0, (2.2)
and again by (2.1), it is easy to see that sq(n, 0) = 0 if n ∈ N.








Proof. Put x = [j] 1
q
and q = 1q in (2.1). 
Lemma 2.4. For m ∈ N, we have
n−1
j=1




(n, l+ 1)q(n−l−1)(m+n−1)[m+ n]lq.
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Proof. Consider the following identity, where n ∈ N:
n−1
j=1
[m+ n]q − qm+j[n− j]q = n−1
j=1























since [−j]q = − 1q [j] 1q . Now put x =
[m+n]q























(n, l)q(n−l)(m+n−1)[m+ n]l−1q , (2.4)
by using (2.2). If we compare (2.3) and (2.4), then paraphrase the resulting identity, we obtain the lemma. 
Lemma 2.5. For 0 ≤ l ≤ n− 1, we have
s 1
q
(n, l+ 1) = [n− 1]q!q−(n−1)2P lq,n(n)ql(n−1).

















which gives the result. 
Lemma 2.6. Let n > 1. For 0 ≤ j ≤ n− 1, we have
n−1
l=0
ql(n−1)P lq,n(n)[j]lqq(1−j)l = 0.
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It follows readily from (2.5) and (2.6) that




This completes the proof. 
Letting q ↑ 1 in Lemma 2.6, we obtain the following corollary.





Now we give a proof of Theorem 1.1.
To investigate an explicit formula for higher-order extended q-Euler numbers E(h,n)
k, 1q
, according to (1.7), it is convenient
to treat the following
E(h,n)
k, 1q










(1+ q−(l+h)) · · · (1+ q−(l+h−n+1))
= (−1)kqk+hn−( n2 )E(h,n)k,q (x). (2.7)








































































































(−1)m1+···+mnqhm1+···+(h−n+1)mn [x+m1 + · · · +mn]kq . (2.9)
We put
k
i1, . . . , in

= k!
i1! · · · in! ,
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the so-called multinomial coefficient. Now one can apply the similar argument as the proof of [13, p. 194, Theorem 6]. We
see that



















i3 + · · · + in
k2


























Taking the sum over 0 ≤ m1, . . . ,mn < ∞ and multiplying (−1)m1+···+mn in both sides of (2.10), from (2.9) and (2.11),
we get
E(h,n)k,q (α1 + · · · + αn) = 2n
∞
m1,...,mn=0


























k− (i1 + · · · + in−1)
kn−1

× E(h)i1+k1,q(α1)E(h−1)i2+k2,q(α2) · · · E(h−n+2)in−1+kn−1,q(αn−1)E(h−n+1)in,q (αn)(q− 1)k1+···+kn−1 . (2.12)





































Therefore, Theorem 1.1 follows from (2.8) and (2.13).
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